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Abstract
In this paper we investigate the continuity of Q+-homogeneous su-
peradditive correspondences defined on the cones with finite basis in real
topological vector spaces. It is also shown that every superadditive corre-
spondence between two cones with finite basis admits a family of contin-
uous linear selections.
1 Introduction and Preliminaries
Let X be a real vector space. A subset C of X is called a cone if tx ∈ C for
each x ∈ C and t > 0. Moreover, a cone C of X is called a convex cone if it is
convex. If E is a linearly independent (finite) subset of X such that
C = {
n∑
i=1
λixi;λi ≥ 0, xi ∈ E, n ∈ N},
then E is said to be a (finite) cone-basis (briefly, basis) of C.
By a correspondence ϕ from a set X into set Y , denoted ϕ : X ։ Y , we
mean a set-valued function ϕ : X → 2Y \ {∅}.
Superadditive correspondences defined on semigroups were investigated in
[7] and, in particular, the Banach-Steinhaus theorem of uniform boundedness
was extended to the class of lower semicontinuous and Q+-homogeneous corre-
spondences in cones. In [8], it is shown that every superadditive correspondence
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from a cone with a basis of a real topological vector space into the family of all
convex, compact subsets of a locally convex space admits an additive selection.
For more information the reader is also referred to [1, 4, 6].
In the present note we first investigate a more general form of Lemma 1 in [8],
when the range of a superadditive correspondence is a finite dimensional space.
We also show that every lower semicontinuous superadditive correspondence
from a cone with a basis of a real topological vector space into the family of
all convex, compact subsets of a locally convex space admits a linear selection.
Finally, for every superadditive correspondence defined between two cones with
finite basis we find a family of linear continuous selections.
We commence some notations and basic concepts.
Throughout the paper, we assume that X and Y are real Hausdorff topo-
logical vector spaces and C is a convex cone in X , unless otherwise stated. By
notations ϕ : C → c(Y ) and ψ : C → cc(Y ) we mean the correspondences
ϕ : C ։ Y and ψ : C ։ Y with compact and convex, compact values, respec-
tively.
Definition 1 A correspondence ϕ : C ։ Y is additive if ϕ(x+y) = ϕ(x)+ϕ(y),
for every x, y ∈ C and is superadditive if ϕ(x + y) ⊇ ϕ(x) + ϕ(y), for every
x, y ∈ C.
Definition 2 A correspondence ϕ : C ։ Y is Q+-homogeneous if ϕ(rx) =
rϕ(x) for each x ∈ C and r ∈ Q+. If ϕ(tx) = tϕ(x) for each x ∈ C and t > 0,
it is called positively homogeneous.
Every additive and positively homogeneous correspondence ϕ : C ։ Y is
called linear.
Recall that a correspondence ϕ : C → c(Y ) is continuous at x if it is upper
and lower semicontinuous at x. If it is continuous at every point x then it is
called continuous on C (see e.g. [2]).
Let (X, d) be a metric space and c(X) be the set of all nonempty compact
subsets of X . Then the formula
h(A,B) = max{sup
a∈A
d(a,B), sup
b∈B
d(A, b)} (A,B ∈ c(X)),
defines a metric, called Hausdorff metric, on c(X).
2 Main results
We start with the following lemma:
Lemma 1 Let {ϕα}α∈I be a family of lower semicontinuous and Q+-homogeneous
superadditive correspondences ϕα : C ։ Y . If K is a convex and compact subset
of C and
⋃
α∈I ϕα(x) is bounded for every x ∈ K, then
⋃
α∈I ϕα(K) is bounded.
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Proof . Let W be an open neighborhood of zero in Y . There exists an open
balanced neighborhood U of zero such that U + U ⊆W. If
ϕα
−1(U) := {x : ϕα(x) ⊆ U}
and
E := ∩αϕα
−1(U),
then for every x ∈ K there exists n ∈ N such that
ϕα(n
−1x) ⊆ U ⊆ U, (α ∈ I).
Therefore n−1x ∈ E, that is, K ⊆ ∪∞n=1nE. Since K = ∪
∞
n=1K ∩ nE is of the
second category, there exist n ∈ N, x0 ∈ intK(K ∩ nE) and a balanced open
neighborhood V of zero such that
(x0 + V ) ∩K ⊆ K ∩ nE ⊆ nE.
That is, (x0 + V ) ∩ K ⊆ nE. On the other hand for each k ∈ K there exists
λ > 0 such that k ∈ x0 + λV . Since K is compact, there exist positive numbers
λ1, · · · , λn such that
K ⊆ (x0 + λ1V ) ∪ · · · ∪ (x0 + λnV ).
If γ is a rational number such that γ > max{λ1, · · · , λn, 1} , we have K ⊆
x0 + γV. For any x ∈ K,
z =
1
γ
x+ (1 −
1
γ
)x0 ∈ K,
and so
z ∈ (x0 + V ) ∩K ⊆ nE.
Hence z, x0 ∈ nE and consequently ϕα(n−1z) ⊆ U and ϕα(n−1x0) ⊆ U for each
α. Since x+ (γ − 1)x0 = γz,
ϕα(x) ⊆ ϕα(x) + (γ − 1)ϕα(x0)− (γ − 1)ϕα(x0)
⊆ γϕα(z)− (γ − 1)ϕα(x0)
⊆ γnU + (γ − 1)nU
⊆ γnU + γnU
⊆ γnW,
for each α. Thus
⋃
α ϕα(K) ⊆ γnW , that is
⋃
α ϕα(K) is bounded. 
Hereafter we assume that C is also with a finite cone-basis, unless otherwise
stated. We shall denote by L the subspace of X spanned by the finite cone-basis
of C.
The next lemma gives a general form of Lemma 1 presented in [8].
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Theorem 1 [2] Let C be a topological space, Y be a metric space and that
ϕ : C → c(Y ). Let c(Y ) be endowed with Hausdorff metric topology. Then the
function f : C → c(Y ) defined by f(x) = ϕ(x) for each x ∈ C, is continuous in
Hausdorff metric topology if and only if ϕ is continuous.
Lemma 2 If ϕ : C → cc(R) is a lower semicontinuous and Q+-homogeneous
superadditive correspondence, then it is continuous on intLC.
Proof . If E = {e1, . . . , en} is a basis of a cone C in X and ϕ : C → cc(R)
is a lower semicontinuous and Q+-homogeneous superadditive correspondence,
then the functions g : C → R and h : C → R defined by g(x) = inf ϕ(x)
and h(x) = supϕ(x) for each x ∈ C are Jensen-convex and Jensen-concave,
respectively. That is g and h satisfy
g(
x+ y
2
) ≤
g(x) + g(y)
2
and
h(
x+ y
2
) ≥
h(x) + h(y)
2
,
for all x, y ∈ C, respectively. Since ϕ is compact and convex valued so ϕ(x) =
[g(x), h(x)] for each x ∈ C. By Lemma 1, the correspondence ϕ and conse-
quently functions g and h are bounded on some neighborhood of x0 ∈ intLC.
Since, by Lemma 2 in [3], Jensen-convex functions g and −h are continuous on
intLC, it implies that the correspondence ϕ is continuous on intLC. 
In the case that Y is a finite dimensional space we have the following.
Theorem 2 Let Y be a real finite dimensional topological vector space and
E = {e1, . . . , en} be a finite basis of the convex cone C. If ϕ : C → cc(Y ) is a
lower semicontinuous and Q+-homogeneous superadditive correspondence, then
it is positively homogeneous and continuous on intLC.
Proof . Let {f1, . . . , fm} be a basis of Y and the norm on Y be given by
‖
m∑
i=1
λifi‖ =
m∑
i=1
|λi|,
for each real scalar λ1, . . . , λm. For i = 1, . . . ,m, let functions gi : C → R and
hi : C → R be defined by gi(x) = inf ϕi(x) and hi(x) = supϕi(x), respectively,
for all x ∈ C where
ϕi(x) = {pii((λ1, · · · , λm)) : λ1f1 + · · ·+ λmfm ∈ ϕ(x)}
and pii is the i
th projection mapping. If we define l : Y → Rm by
l(
m∑
i=1
λifi) = (λ1, . . . , λm)
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we get
l(ϕ(x)) = ϕ1(x)× . . .× ϕm(x),
for all x ∈ C. For every x ∈ C and i = 1, . . . ,m we have ϕi(x) = [gi(x), hi(x)].
Since ϕ is lower semicontinuous, the given norm on Y implies that each ϕi is
lower semicontinuous. By Lemma 2, each correspondence ϕi is continuous on
intLC and using Theorem 17.28 in [2], it implies that l(ϕ) and consequently ϕ
is continuous on intLC.
Now we show that ϕ is positively homogeneous. Since ϕ is compact-valued
so ϕ(tx) = tϕ(x) for x = 0 and t > 0. Let 0 6= x ∈ intLC and t > 0 be given.
There is a sequence (tn)n in Q+ such that tn → t. By the continuity of ϕ we have
ϕ(tnx)→ ϕ(tx), in the Hausdorff metric topology on cc(Y ). On the other hand
ϕ(tnx) = tnϕ(x) → tϕ(x). Therefore tϕ(x) = ϕ(tx) for each 0 6= x ∈ intLC
and t > 0. If x is an arbitrary nonzero element of C and t > 0, then the
correspondence ϕ0 : {λx : λ ≥ 0} = 〈x〉 → cc(Y ) is positively homogeneous on
intM 〈x〉, where M = 〈x〉− 〈x〉. Therefore ϕ is positively homogeneous on C. 
The next example shows that Theorem 2 does not guarantee the continuity
of ϕ on the whole C.
Example 1 Define ϕ : [0,+∞)× [0,+∞)→ R2 by
ϕ(x, y) =
{
{(0, 0)} x ≥ 0, y = 0;
{(t, 0) : 0 ≤ t ≤ x} x ≥ 0, y > 0.
Obviously ϕ is a lower semicontinuous and positively homogeneous superaddi-
tive correspondence. But it is not continuous on the C = [0,∞)× [0,∞).
In the next result we show that the additive selections can even be linear.
Theorem 3 Let C be a convex cone with basis and Y be a real Hausdorff
locally convex topological vector space. Then a superadditive correspondence
ϕ : C → cc(Y ) admits a linear selection provided that ϕ is lower semicontinu-
ous on intLC.
Proof . First we show that if C is a convex cone with finite basis then the lower
semicontinuous superadditive correspondence ϕ : C → cc(Y ) admits a linear
selection. By Theorem 3 in [8], ϕ admits an additive selection a : C → Y .
Lemma 1 implies that ϕ and consequently additive selection a are bounded on
each bounded neighborhood V of x ∈ intLC. By Lemma 2 in [3], additive
function Λ ◦ a : C → R defined by Λ ◦ a(x) = Λ(ax) is continuous on intLC
for each continuous linear functional Λ on Y . Thus Λa(αx) = Λαa(x) for each
α > 0 and x ∈ intLC. Therefore a is positively homogeneous on intLC. If
x ∈ C, then by Lemma 5.28 in [2], 1
2
(x+ y) ∈ intLC for each y ∈ intLC and so
α
a(x)
2
+ α
a(y)
2
= a(α
x + y
2
) =
1
2
(a(αx) + a(αy)).
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Since a(αy) = αa(y) for each y ∈ intLC, so a is a bounded linear selection of ϕ.
Now let C be a convex cone with arbitrary basis. By Theorem 4 in [8], ϕ admits
an additive selection a : C → Y . Let x ∈ C be fixed. There are vectors e1, · · · , en
and non-negative scalars λ1, · · · , λn such that x =
∑n
i=1 λiei. Therefore super-
additive correspondence ϕ0 : C0 → cc(Y ) with ϕ0(z) = ϕ(z) for z ∈ C0, is a
lower semicontinuous superadditive correspondence on intL0C0, where C0 and
L0 are the convex cone and the linear space generated by {e1, · · · , en}, respec-
tively. Similar to the previous case a0 : C0 → Y defined by a0(z) = a(z) for
z ∈ C0 is linear so a(αx) = αa(x) for each α > 0. That is a is a linear selection.

Theorem 4 Let Y be a real normed space. If ϕ : C → cc(Y ) is linear, then ϕ
is automatically continuous.
Proof . Let ∼ denote the Ra˙dstro¨m’s equivalence relation between pairs of cc(Y )
defined by
(A,B) ∼ (D,E)⇔ A+ E = B +D, (A,B,D,E ∈ cc(Y ))
and [A,B] denote the equivalence class of (A,B) ([5]). The set of all equivalence
classes ∆ with the operations
[A,B] + [D,E] = [A+D,B + E],
λ[A,B] = [λA, λB] (λ ≥ 0),
λ[A,B] = [−λB,−λA] (λ < 0),
and the norm
‖[A,B]‖ := h(A,B),
constitute a real linear normed space ([5]). The function f : C → ∆ defined by
f(x) = [ϕ(x), {0}],
is linear and can be extended to a linear operator fˆ : C − C → ∆ by
fˆ(x− y) = f(x)− f(y), (x, y ∈ C).
Since C − C is of finite dimension, fˆ and consequently f are continuous. Let
x0 ∈ C and (xn) be a sequence of C converging to x. Then
lim
n→∞
h(ϕ(xn), ϕ(x0)) = lim
n→∞
‖f(xn)− f(x0)‖ = 0,
that is, ϕ is continuous. 
Theorem 5 Let C´ be a convex cone with finite basis in Y and ϕ : C → cc(C´)
be a superadditive correspondence. Then ϕ is continuous on intLC and there
exists a family of continuous linear functions contained in ϕ.
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Proof . Let E = {e1, e2, ..., en} and E´ = {e´1, e´2, ..., e´m} be basis for C and
C´, respectively. Each superadditive correspondence ϕi : C → cc([0,+∞)),
i = 1, · · · ,m defined as in the proof of Theorem 2 is continuous on intLC
according to Lemma 1 in [8]. Now, Theorem 17.28 in [2] implies the continuity
of ϕ on intLC.
From Theorem 1 in [8], there exists a minimal Q+-homogeneous superaddi-
tive correspondence φ : C → cc(C´) contained in ϕ. Again, for each i = 1, · · · ,m
consider the correspondence φi : C → cc([0,+∞)) as given in the proof of
Theorem 2. Then by Lemma 1 in [8], each Q+-homogeneous superadditive
correspondence φi and consequently φ are positively homogeneous. By The-
orem 4, φ contains a continuous linear correspondence ψ : C → cc(C´) with
ψ(x) =
∑n
i=1 λiφ(ei) for every x =
∑n
i=1 λiei in C. Define l : C − C → [0,∞)
n
and l´ : C´ − C´ → [0,∞)m by
l(
n∑
i=1
λiei) = (λ1, λ2, ..., λn)
T
and
l´(
m∑
i=1
γie´i) = (γ1, γ2, ..., γm)
T ,
respectively. The functions l and l´ are linear isomorphisms on C−C and C´− C´,
respectively. Set Mi = l´(φ(ei)) for i = 1, · · · , n and Mφ =M1 ×M2 × ...×Mn.
Then, Mφ is a convex and compact valued multimatrix. Let x =
∑n
i=1 λiei and
z ∈ ψ(x) =
n∑
i=1
λiφ(ei).
There are yi’s in φ(ei) such that z =
∑n
i=1 λiyi. If yi =
∑m
j=1 γjie´j, then
z =
∑n
i=1 λi
∑m
j=1 γjie´j. Putting A = [γji]m×n we have A ∈Mφ and
ψ(x) ⊆ {
m∑
j=1
n∑
i=1
λiγjie´j : A = [γji]m×n ∈Mφ}.
On other hand,
ψ(x) ⊇ {
m∑
j=1
n∑
i=1
λiγjie´j : A = [γji]m×n ∈Mφ}.
Therefore we get
ψ(x) = {
m∑
j=1
n∑
i=1
λiγjie´j ;A = [γji]m×n ∈Mφ} = {l´Al(x)}A∈Mφ .
Since every matrix A can be considered as a continuous linear mapping, and
ϕ(x) ⊇ ψ(x), the proof is complete. 
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